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We propose a potentially practical scheme to precisely measure the charge number of small charged
objects by using optomechanically induced transparency (OMIT) in optomechanical systems. In
contrast to conventional measurements based on noise backaction on optomechanical systems, our
scheme presents an alternative way to detect the charge number exactly, by monitoring small de-
formation of the mechanical resonator sensitive to the charge number of nearby charged object.
The relationship between the charge number and the OMIT window width is investigated and the
feasibility of the scheme is justified by numerical simulation with currently available experimental
values.
PACS numbers: 42.50.Wk, 46.80.+j, 41.20.Cv
I. INTRODUCTION
Precision measurement is one of the essential tasks in
the study of modern physics. The (micro- or nano-)
mechanical resonators (MRs) hold the promise for re-
alizing precision measurements due to the possibility of
presenting both classical and quantum properties [1, 2].
For measurements approaching quantum limit [3] with
mechanical systems, we have to cool the MRs to their
ground states and show obvious quantum behavior. Up
to now, various methods for MR cooling have been pro-
posed in optomechanical and electromechanical systems,
such as feedback cooling [4–6], backaction sideband cool-
ing [7–9], bang-bang cooling [10], electromagnetically
induced transparency cooling [11], measurement-based
cooling [12], and thermal light cooling [13], some of which
have been achieved experimentally [14–19].
The precision measurement based on MRs can be clas-
sified by two kinds of systems, i.e., optomechanical and
electromechanical systems. We focus in the present work
on the optomechanical system, in which the precision
measurements were usually carried out via the correla-
tions between the output spectra and measured quan-
tities based on reflected noise [3]. For example, preci-
sion measurement of displacement of the MR has been
achieved with a factor of five times higher than standard
quantum limit in optical output spectra [20], and a re-
cent experimental report was published for displacement
measurement of the MR beyond standard quantum limit
[21].
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The optomechanically induced transparency (OMIT)
is a kind of induced transparency caused by radiation
pressure to couple light to MR modes [23]. Recently,
the OMIT in optomechanical system has been predicted
theoretically [22–24] and also observed experimentally
[23, 25–27]. However, the application of OMIT has not
yet been fully explored. As far as we know, the proposed
applications are only for slow light with OMIT control-
ling the speed of light [26] and for single photon router
with OMIT to control the probe field in a single photon
Fock state [28].
The aim of the present work is to detect the charge
number of a small charged body via OMIT in an opto-
mechanical and electrical system. The Coulomb interac-
tion between a charged MR and a nearby charged body
in such a hybrid system will modify both the steady-state
position of the MR and the mean photon number in the
cavity, which affect significantly the window width of the
OMIT [22, 23]. As a result, the charge number of the
charged object is possibly detected via monitoring the
modified window width of the OMIT.
Our study shows that the window widths in some spe-
cial regions of the OMIT vary with the charge num-
ber in a sensitive way, which makes it possible for a
precision measurement of the charge number. We no-
tice that previous ideas for ultra-sensitive measurements
in opto-mechanical systems, e.g., cavity optomechanical
magnetometer [29] and displacement measurement [20],
are based on quantum noise backaction [3]. In contrast,
the noise backaction is unnecessary in our case because
the output intensity of the probe field is monitored via
the OMIT based on the expectation of massive photons.
Moreover, conventional MR electrometers, such as vi-
brating reed electrometers [30], are formed by movable
and fixed electrodes, which can be used to measure the
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2Coulomb forces with variable capacitors. Limited by
the extremely sensitive electricity, e.g., 0.12 aA current
[31], however, the MR electrometers cannot measure the
charge densities in tiny objects (e.g., < 6 nm [32]). In
contrast, since optical measurements are usually more
sensitive than electrical ones, our scheme in an optical
way should work well even for detecting single charges in
very small objects. Furthermore, our scheme makes use
of the unique feature of optomechanical measurements
which is considered to have higher sensitivity than elec-
tromechanical measurements [33] .
Our system consisting of both an optomechanical sys-
tem and a charged object is actually a cavity opto-
electromechanical system, belonging to a currently active
research area. For example, a recent idea for detecting
electric gradient force was proposed by using a net dipole
moment in a microtoroid [34, 35]. In comparison, our
scheme using OMIT can be applied to measure weaker
force since the net charge density on a metal surface can
be much higher than the net dipole moment density in a
semiconduction surface. Moreover, there was a proposal
to measure displacements and forces by noise spectra [36].
Honestly speaking, our scheme based on the expectation
of massive photons might not work better than in Ref.
[36] (Concrete estimates will be given later in the section
of Conclusion). But our focus is on the electric charge
detection, which is a practical application of OMIT.
The paper is structured as follows: We present the
model and Hamiltonian of the system in next section,
and study the output field for the OMIT in Sec. III. The
relationship between the charge number and the output
field as well as the feasibility of our scheme is described
in Sec. IV. The last section is for a brief conclusion.
II. MODEL AND HAMILTONIAN
The model we consider is sketched in Fig. 1, where a
high-quality cavity consists of a fixed mirror and a mov-
able one, i.e., a MR. Besides the radiation pressure force
coupling the MR to the cavity mode, the charged MR is
subject to the Coulomb force due to the charged body
nearby. Such a system can be described as
H1 = ~ωcc†c+ (
p2
2m
+
mω2m
2
q2)− χqc†c
− n|e|QMR
4pi(r0 − q) + i~[(εle
−iωlt + εpe−iωpt)c† −H.c.].
(1)
Here the first term is for the single-mode cavity of eigen-
frequency ωc with the bosonic annihilation (creation) op-
erator c (c†). The second term describes the vibration of
the MR where q and p are, respectively, the position and
momentum operators of the MR with eigen-frequency ωm
and effective mass m. The third term is for the radia-
tion pressure coupling the cavity field to the MR, with
χ = ~ωc/L the coupling strength and L being the cav-
ity length. The forth term presents the interaction of the
charged MR with the charged body via a Coulomb poten-
tial Vc =
−n|e|QMR
4pi(r0 − q) , where QMR is the positive charge
on the MR, −n|e| is for n negative charges of the charged
body to be detected, and r0 is the distance between the
equilibrium positions of the MR center-of-mass and the
charged body in absence of the radiation pressure and
the Coulomb force. In our case with the attractive force,
the Coulomb force on the MR points to the same direc-
tion as the radiation pressure force on the MR. The last
term in Eq. (1) describes two optical drives to the cavity
from the fixed mirror: One is the strong pumping field
with frequency ωl and the other is the weak probe field
with frequency ωp, and εl and εp are the corresponding
driving strengths, respectively.
Fixed
Mirror
Charged
body (+QMR)
,p pH Z
,l lH Z
outH
r0
q
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FIG. 1: Schematic diagram of the system. An optomechanical
cavity with the length L is driven by two light fields. One
is the pumping field εl with frequency ωl and the other is
the probe field εp with frequency ωp. The output field is
represented by εout. r0 is the distance between the charged
body and the charged MR in absence of the radiation pressure
and the Coulomb force. Under the action of the radiation
pressure and the Coulomb force, the MR takes a position q.
Here, the charges on the charged body and charged MR are
−n|e| and QMR, respectively.
In the case of q  r0, the Coulomb interaction can
be rewritten as Vc ' −n|e|QMR
4pir0
(1 +
q
r0
). Omitting the
constant term, we have the Hamiltonian in the frame
rotating with the driving frequency ωl,
H2 = ~∆cc†c+
1
2m
(p2 +m2ω2mq
2)− χqc†c
− nηq + i~[(εl + εpe−iδt)c† −H.c.],
(2)
where ∆c = ωc − ωl, η = |e|QMR/(4pir20), and δ =
ωp − ωl. Here both εl and εp are complex.
III. MEAN-VALUE EQUATIONS AND
QUADRATURES OF THE OUTPUT FIELD
For analyzing the mean response of the OMIT, we may
consider the Langevin equations [37] by neglecting quan-
tum fluctuation of the system [22]. In our case, the mean-
3value equations of the system are written as,〈
dq
dt
〉
=
〈p〉
m
,〈
dp
dt
〉
= −mω2m 〈q〉+ nη + χ
〈
c†c
〉− γm 〈p〉 ,〈
dc
dt
〉
= −[κ+ i(∆c − χ~ 〈q〉)] 〈c〉+ εl + εpe
−iδt,
(3)
where κ and γm are introduced as the decay rates of
the cavity and the MR, respectively. Eq. (3) can be
solved under the condition that the pumping field is much
stronger than the probe one. Eq. (3) is a nonlinear equa-
tion and the steady-state response in the frequency do-
main is composed of many frequency components. We
suppose the steady-state solutions to Eq. (3) taking the
form of
〈q〉 = ps + p+εpe−iδt + p−ε∗peiδt,
〈p〉 = qs + q+εpe−iδt + q−ε∗peiδt,
〈c〉 = cs + c+εpe−iδt + c−ε∗peiδt,
(4)
where each solution contains three items Os, O+ and O−
(with O = p, q, c), corresponding to the responses at the
original frequencies ωl, ωp, and 2ωl−ωp, respectively [37].
Since Os  O±, Eq. (4) can be solved by treating O±
as perturbation. After combining Eq. (4) with Eq. (3),
and ignoring the second-order small terms, we obtain the
steady-state mean-values of the system by resorting the
prefactors in terms of the exponentials e±iδt
ps = 0, qs =
χ|cs|2 + nη
mω2m
,
cs =
εl
κ+ i∆
, |cs|2 = |εl|
2
κ2 + ∆2
,
(5)
with ∆ = ∆c − χqs/~, and the solution of c+ [22] is
c+ =
(δ2 − ω2m + iγmδ)[κ− i(∆ + δ)]− 2iωmβ
[∆2 + (κ− iδ)2](δ2 − ω2m + iδγm) + 4∆ωmβ
(6)
with β = χ2|cs|2/(2m~ωm).
Making use of the input-output relation of the cavity
[38], we have the output field
εout = εin − 2κc
= εl + εpe
−iδt − 2κ(cs + c+εpe−iδt + c−ε∗peiδt),
(7)
and thereby the transmission of the probe field is given
by [23]
tp =
εp − 2κεpc+
εp
= 1− 2κc+, (8)
which can be measured by homodyne technique [38].
Defining εT = 2κc+, we obtain the quadrature εT of
the optical components with frequency ωp in the output
field,
εT = 2κ
(δ2 − ω2m + iγmδ)[κ− i(∆ + δ)]− 2iωmβ
[∆2 + (κ− iδ)2](δ2 − ω2m + iδγm) + 4∆ωmβ
,
(9)
whose real and imaginary parts, Re[εT ] and Im[εT ], rep-
resent the absorptive and dispersive behavior of the op-
tomechanical system, respectively [22].
In order to reduce Eq. (9) and understand the rela-
tionship between the charge number and the OMIT, we
assume following conditions [22, 23]: (i) ∆ ' ωm and
(ii) ωm  κ. The first condition means the frequency of
the cavity to be resonant with that of the optomechani-
cal anti-Stokes sideband, which actually leads to optimal
cooling. The second condition is the well-known resolved
sideband condition, which ensures the OMIT splitting to
be distinguished [23]. Moreover, it is known that the cou-
pling between the MR and the cavity is strongest in the
case of δ ' ωm [22], which makes δ2−ω2m ' 2ωm(δ−ωm)
achievable. Under these conditions, we rewrite the out-
put field as
εT ≈ 2κ
κ− i(δ − ωm) + βγm
2
− i(δ − ωm)
.
(10)
Compared with the expression of the output field in Eq.
(7) in Ref. [22], the parameter β in Eq. (10) in our case is
modified to be a function of the charge number n. Under
appropriate conditions, the window width of the OMIT
can be used to identify the charge number of the charged
body.
IV. THE CHARGE NUMBER AND THE
OUTPUT FIELD
We show below in details how the charge number im-
pacts the mean photon number and how to measure the
charge number by the window width of the OMIT.
From Eq. (5), we have a third-order nonlinear equation
for the MR position qs,
aq3s + bq
2
s + fqs + d = 0, (11)
with
a = mω2m
χ2
~2
,
b = −2mω2m
χ
~
(∆c)− nηχ
2
~2
,
f = mω2mκ
2 +mω2m(∆c)
2 + 2nη(∆c)
χ
~
,
d = −nηκ2 − nη(∆c)2 − χ|εl|2. (12)
To get a more intuitive understanding of the role that
the Coulomb interaction plays in Eqs. (9) and (10), we
suppose nη  χ|cs|2, and obtain the solutions to Eq.
(11) as
qs =
{
χ|cs0|2/(mω2m), (n = 0)
nη/(mω2m), (n ≥ 1) (13)
with |cs0|2 being the mean photon number in absence of
the Coulomb interaction between the MR and charged
4object. The above equation means that, for no charge
in the system, the MR has a steady-state position qs =
χ|cs0|2/(mω2m) under the action of pumping field. In the
presence of the attractive Coulomb interaction between
the charged body and the MR, the steady-state position
of the MR is modified. In the case of nη  χ|cs|2, the
steady-state position qs = nη/(mω
2
m) reduces to a func-
tion of charge number in the object. The phenomena
have been shown in Fig. 2(a).
Moreover, from Eqs. (5) and (13), the mean photon
number takes the form of
|cs|2 =

|cs0|2, (n = 0)
|εl|2
κ2 + (∆c − χ~
nη
mω2m
)2
, (n ≥ 1) (14)
which implies that the photon number increases (de-
creases) with the charge number for ∆c ≥ χqs/~ (∆c <
χqs/~) in the case of the fixed pumping field. So there
should be a maximal photon number with respect to the
change of the charge number, as demonstrated in Fig.
2(b).
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FIG. 2: (Color online) (a) The position qs versus the charge
number n ; (b) The mean photon number as a function of the
charge number n. The black dotted-dashed lines [blue solid
lines] represent the exact values [the approximate values] of qs
and |cs|2 using Eq. (11) and Eq. (5) [Eq. (13) and Eq. ( 14)],
respectively. The values are taken from the experiments in
Refs. [4, 5, 22, 39–41] as k = 8.897N·m2/C2 λc ≡ 2pic/ωc =
1064 nm, L = 25 mm, m = 145 ng, κ = 2pi × 215 kHz,
ωm = 2pi × 947 kHz, γm = 2pi × 141 Hz, r0 = 67 µm ,
εl =
√
2Pκ/~ωc with P = 1 mW, QMR = CU , C = 27.5 nF
and U = 1 V.
In Fig. 2, the black dotted-dashed and blue solid
lines correspond to the steady-state position and the
mean photon number without and with the approxi-
mate condition nη  χ|cs|2, respectively, as functions of
the charge number. The steady-state position increases
monotonously with the charge number, while the mean
photon number is a pulse-like curve. In the scope of
charge number from 30 to 55, there is a little difference
between the exact values and approximate values of both
qs and |cs|2. This deviation results from the fact that the
approximate condition nη  χ|cs|2 is not satisfied very
well for the mean photon number |cs|2 ' 0.3nη/χ in this
scope. Within the region of n ≤ 40, the slight difference
between the exact and approximate values implies our
assumption nη  χ|cs|2 to be reasonable for the param-
eters we considered in Fig. 2. In this region, both the
mean photon number and the MR deformation are ultra-
sensitive to the charge number in a monotonous way, and
thereby the charge number less than 40 can be fully char-
acterized by the window width of the OMIT.
FIG. 3: (Color online) The real part of the output Re[εout]
(the absorption) versus the charge number n and the detuning
x = δ−ωm, where (a) and (b) are the exact values calculated
from Eq. (9). (c) and (d) are the approximate values using
Eq. (10). The parameter values are the same as in Fig. 2.
To show this point more clearly, we have simulated
the real part of the output field using Eq. (9) and Eq.
(10) for n ≤ 40 (see Fig. 3). Compared with the exact
results, the simplified expression of the output field Eq.
(9) is justified. Moreover, from Fig. 3, we see that the
absorption vanishes at x = 0 (i.e., δ = ωm) and the
window width of the OMIT increases with the charge
number n. So we are able to detect the charge number
of a nearby charged object by the OMIT. In addition,
in our case with n = 0, the values in the figure can be
straightforwardly reduced to those of non-charge case as
in Ref. [22].
For clarifying the efficiency and the effect of our
scheme, we consider a fixed charge number n in the
charged object. There are three tuning points in the real
part of the output field versus the detuning x = δ − ωm, x± = ±
√√
2(2κ+ γm)
√
β(2β + κγm)− γm(2β + κγm)
4κ
x0 = 0
,
(15)
which can be obtained by solving dεT /dx = 0. Excluding
the trivial case of x0 = 0 and considering the symmetry
of x+ and x−, we take the tuning point x+ as an example
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FIG. 4: (Color online) The detuning x for tuning point versus
the charge number n. Except the values in the inset, other
parameter values are the same as in Fig. 2.
in Fig. 4 for different masses and charges. Since the pa-
rameters used in Fig. 4 satisfy 2β  κγm, we may reduce
Eq. (15) to x+ ∼
√
β. Therefore, by changing the MR’s
effective mass m and the MR’s charge QMR, we present
three typically different relationships between the detun-
ing x+ and the charge number n: (1) The monotonous
increase (i.e, the gray asterisk and blue solid curves);
(2) The monotonous decrease (i.e., the red dotted and
the black dotted-dashed curves); (3) The curve with a
hump in the middle (i.e., the green dashed curve). The
curves indicate that the heavy (light) MR is suitable for
detecting large (small) charge numbers. In addition, al-
though the MR with intermediate mass seems useless in
our scheme, the charge number before the hump (n < 18)
in Fig. 4 can still be used to detect the charge number.
Moreover, for the same mass of the MR, the lower the
applied voltage, the less tilting the curve in Fig. 4. As
a result, to detect more precisely the tiny charge, e.g.,
a single charge, we should increase the voltage to obtain
more precise resolution.
V. CONCLUSION
We would like to point out that the analytical solutions
to our detection scheme are based on some approxima-
tions (nη  χ|cs|2 and δ ∼ ωm), which have been justi-
fied by numerical calculation with the parameter values
we used. It has been shown that the MR with an ef-
fective mass of 1.45 ng and a voltage of 0.1 V is more
suitable than others to measure the small charge number
(see black dotted-dashed curves in Fig. 4). Experimen-
tally, the effective mass of a MR as small as 50 pg has
been achieved [15]. So we may expect to have better
detection with the MRs of such small effective masses.
In addition, from the parameters for the curves in Fig.
4, we can infer the minimal Coulomb force detected by
our scheme, which is F = k
QMR|e|
r2
= 0.88 nN, much
weaker than the minimal electrical gradient force Fgrad =
0.4 µN in [34, 35], but larger than the tiny force Fmin =
53 aN detectable in Ref. [36]. Nevertheless, our scheme
focuses on the detection of charge number, rather than
the force. Moreover, the highest sensitivity of the surface
charge density in our scheme is about 1/(0.1r0)
2 ' 2.2×
106 cm−2, which is of the same order as the one (6.25×106
cm−2) in Ref. [42]. The sensitivity in our case can be
further enhanced by increasing the bias gate voltage or
decreasing the mass of the MR.
In summary, we have demonstrated how to realize
precision measurement of small charge number of the
charged object via monitoring the OMIT in optomechan-
ical system in the presence of the Coulomb interaction be-
tween the charged MR and the object. From the analyti-
cal relationship we obtained for the OMIT window width
with the charge number in a small charged body, we
have shown the possibility of detecting few charges (even
a single charge) from the output spectra of the OMIT.
The feasibility of our proposal has been assessed by us-
ing currently available parameters, and the Coulomb at-
traction under our consideration can be straightforwardly
extended to Coulomb repulsion. We believe that the pro-
posal would be helpful for exploring quantum behavior
in MRs and for precision measurement using OMIT.
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